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Abstract
A novel formulation for multiscale finite element analysis of multi-phase solids undergoing large strains is
proposed in this paper. Within the described homogenization technique no constitutive assumptions are
made at the macrolevel. A crucial aspects of the approach is the modelling of antiperiodic traction on the
boundary of the representative volume element, condensation technique and the formulation performed on
a deformation-driven context whereby the macroscopic deformation gradient is prescribed. Numerical tests
on solids with voids demonstrated the robustness of the technique.
Keywords: large strain, voids, large deformation, plasticity, constitutive, thick cylinder

1. Introduction
There is a large number of references dealing with the modelling by multiscale techniques. However,
only a few are dealing with large strains. Thus, there are multiscale approaches dealing with small strains
[1, 2, 3, 4, 5, 6], ductile damage [7], plasticity [8, 9, 10], quasi-brittle materials [11, 12, 13, 14], laminates [15], filament–wound composites [16], shape memory alloy composites [17],randomly distributed heterogeneities [18], fracture [19, 20, 21, 22, 23, 24], fracturing reinforced composites based in an embedded cell
methodology [25], for the solution of granular materials problems with periodically repeated aggregate configurations [26]. A computational multiscale technique using shells for system of heterogeneous thin sheets
with in-plane quadrature points at the macroscale was proposed by [27]. They used the curvature of the shell
to define the boundary conditions at the representative volume element (RVE) at the microscale. Works
are also found in the field of biomechanics. For instance, [28] focused on building a multilevel approach
between the mechanical tissue and the cells as dilute spherical inclusions. [29] modelled the macroscale
mechanical behaviour of soft collagenous tissues by a 3-level multiscale description, from nanoscale up to the
macroscale. [30] proposed error estimations for transferring information between the scales. Some research
into multiscale and large strains is conducted in a number of works. However, they are using either a different
numerical method, i.e not FEM, or they are performing the technique with a distinct strategy to the one
presented here. Inside the first group, the work by [31] deals with large strains within a multiscale meshfree
method framework. In the second group, i.e. [32] presented a multiscale approach at finite strains based on
principles of energy minimization and by means of a global internal parameter description associated to the
dissipation. In this paper, a new multiscale methodologogy is proposed. The technique is characterised by
imposing antiperiodic tractions and periodic prescribed displacements at the boundary of the RVE leading
to a particular condensation technique. Formulation including tangent modulus for an implicit solution
as well as details of the solver employed are provided. The overall macroscopic deformation gradient F is
∗ j.curiel-sosa@sheffield.ac.uk
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prescribed over the discretised RVE. This paper is organised as follows. Firstly, background, definitions and
special boundary conditions imposed on the representative volume element (RVE) for the multiscale large
strain methodology are introduced. Secondly, the proposed discretised multiscale model at large strains is
presented with details of the solver algorithmic procedure. Finally, a number of numerical tests for distinct
boundary conditions and variables in terms of void densities are presented before concluding.

Downloaded by [Royal Hallamshire Hospital], [Dr J. L. Curiel-sosa] at 00:56 08 February 2016

2. Theoretical background
A homogenized macro-continuum, in its deformed configuration, with locally attached microstructures
is considered 1. The microstructure B ⊂ R3 is considered, with overall properties related to the macrocontinuum B ⊂ R3 . The microscopic deformation gradient is defined, following the general definition, by

Fµ (Y, t) ≡

∂y
∂φ
≡
≡ ∇0 y
∂Y
∂Y

(1)

Figure 1: Micro to macro transition

where y ∈ B is the spatial point, B is the spatial configuration of the microstructure, and y ∈ B0 the corresponding material point of the microstructure in undeformed configuration B0 . Therefore, the microscopic
deformation gradient is defined as the material gradient of the spatial coordinates. The microscopic small
strain tensor ǫµ is defined for the finite strain analysis as the symmetric part of the spatial displacement
gradient tensor, i.e.
ǫµ (Y, t) ≡ sym{∇u} ≡

1
[ ∇u + (∇u)T ]
2

(2)

where u is the displacement field at a material point y ∈ B. Microequilibrium state is assumed in its
spatial form in the presence of body forces b per unit of mass,

2

∇ · σµ + ρ b = 0

in B

(3)

where σµ is the symmetric microscopic Cauchy stress tensor. The material form of the equilibrium is
given by (4).
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∇0 · Pµ + ρ0 b = 0

in B0

(4)

The microscopic Kirchhoff symmetric stress tensor τµ is assumed to be related to the Cauchy stress tensor
by τµ = Jµ σµ . A constitutive law is assumed to be given in the form τµ = τ̂µ (Fµ ; α ; y ) in B. α is a set
of internal variables. The simplest example is elastic constitutive model is given in (5) with ψ denoting a
strain energy function.

τµ =

∂ψ(τµ ; y )
∂Fµ

in B

(5)

Applying Gauss theorem in (3) the global microequilibrium condition are obtained
Z

t dA +

∂B

where

Z

ρ b dV = 0 and

Z

y × t dA +

∂B

B

Z

y × ρ b dV = 0

(6)

B

t = σµ · n on ∂B denotes the traction field on the surface with outward normal n at y ∈ ∂B.

3. Macro-variables definitions
3.1. Overall deformation gradient
The macro deformation gradient FM is defined as an average over the undeformed unit cell and denoted
by F. By applying Green’s Lemma the following expression is obtained

FM ≡ F =

1
|V0 |

Z

[y ⊗ N] dA0

(7)

∂V0

in terms of the spatial coordinates at y ∈ ∂V and the outward normal vector N ∈ ∂V0 .
3.2. Overall Kirchhoff macrostress
The macroscopic Kirchhoff stress tensor τM is defined in terms of the macroscopic average
Cauchy stress tensorτM ≡ JM σM = JM σ. Note that τM is equal to the average Kirchhoff stress
tensor over the microstructureτ M = τ . Thus, it is defined as follows,
τM ≡ τ =

1
|V0 |

Z

sym[t ⊗ y ] dA +

∂V

3

1
|V0 |

Z

V

ρ sym[b ⊗ y ] dV

(8)

3.3. Overall spatial tangent modulus
τF

The modulus D , in a general continuum form, relates the variations of the overall macro Kirchhoff
stress τ and the macro-deformation gradient tensor F in the following form
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D

τF

≡

∂τ
∂F

(9)

Overall spatial tangent modulus A is expressed as follows,
A=

Aijkl =

1 τF
D ⋄F−σ⋆I
J

(10)

1 ∂τ ij
F lk − σ il δjk
J ∂F km

(11)

4. Boundary conditions at the microscale
The boundary conditions for the displacement u and traction t on the microstructure, are chosen such
that the Hill-Mandel Principle [33] is satisfied. Boundary conditions are prescribed on the unit cell as
follows: (a) Taylor assumption, (b) linear displacements on the boundary and (c) periodic displacements
and antiperiodic traction on the boundary. Being the latter one the focus of this study and, hence, detailed
description is provided for it. A crucial aspect of our approach is the formulation on a deformation-driven
context, where the macroscopic deformation gradient F is prescribed. The spatial coordinate field is divided
in two parts
e (Y) = F Y + u
e (Y)
y (Y) = y∗ (Y) + u

(12)

where y∗ is the Taylor spatial coordinate, which defines a constant deformation gradient F over the unit
e is the displacement fluctuation, which is considered to be the unknown. Using the
cell as y∗ ≡ F Y. u
averaging theorem by [33] yields,
1
|V0 |

Z

∂V0

e dA0 +
t0 · u

1
|V0 |

Z

V

e dV0 = 0
ρ0 b · u

(13)

4.1. Periodic deformation and antiperiodic traction on the boundary of RVE in large strain
Another possibility consists of applying periodic deformation and antiperiodic traction on the boundary
of the RVE ∂V, which is represented as
y (Y+ ) − y (Y− ) = F (Y+ − Y− )

(14)

t(Y+ ) = −t(Y− )

(15)

4

By taking into consideration the displacement field division (12), the periodic deformation condition
above (14) can also be imposed by enforcing the displacement fluctuation on the boundary of RVE to be
periodic, hence
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e (Y+ ) = u
e (Y− )
u

(16)

In order to apply these conditions the boundary of the unit cell is decomposed in two parts as indicated
in Figure 2. Thus ∂V = ∂V+ ∪ ∂V− with outwards normals n+ = −n− which are associated with the points
y + ∈ ∂V+ and y − ∈ ∂V− .

Figure 2: Microstructure for periodic b.c.

Body force is not taken into consideration so that this condition satisfy the averaging theorem. This is
proved easily by inserting the periodic displacement fluctuation (16) and antiperiodic traction (15) into the
form of the averaging theorem (13).

5. Multiscale discretised model at large strains
RVE microstructure is considered as representation of the macro Gauss point. Based on the F.E. discretisation of the microstructure, a procedure for computing the overall tangent modulus A and macroscopic
average Kirchhoff stress τ (or Cauchy σ) at each macroscopic integration point with locally attached microstructure is developed. The spatial coordinate field is divided in two parts,
e
y = y∗ + u

(17)

where the Taylor spatial coordinate y∗ is expressed in its discrete form as,
y∗j ≡ F Y j

j = 1 ··· n

(18)

e is the unknown for every
for the n nodes of the microstructure RVE. The displacement fluctuation u
node of the discretised microstructure unit cell.

F 11



F 21
F ≡
F


 12
F 22









and uj ≡

5



u1
u2



j

(19)

with F being matrix representation of macro-deformation gradient tensor and uj the displacement field
at node j of the discretised unit cell V.
The Taylor coordinate yj∗ of the node j is computed in the following matrix form
yj∗ = DT
0j F j = 1 · · · n.

(20)
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where D0j is the material coordinate matrix at node j of the microstructure

D0j



Y1 0
 0 Y1 

≡ 
Y2 0 
0 Y2 j

(21)

6. Large strains microstructure equilibrium solution
An iteration determines the current fluctuation field via the update
e + δe
u ←u
u

(22)

Fn+1 = △F · Fn

(23)

It is assumed that the microstructure RVE, corresponding to a macroscopic Gauss point has reached
equilibrium at time step n. The goal is to compute equilibrium at the time step n + 1 with the incremental
strain △F information passed from the macroscale from the global iteration to the microscale RVE. From
the multiplicative nature of the deformation gradient follows that

The incremental boundary value problem for the microstructure RVE is established as follows:
Given: The displacement field un , the Cauchy stress field σ n and the set of internal variables αn at
time step n and the incremental macro deformation gradient △F.
Find: The displacement field un+1 , the Cauchy stress field σ n+1 and the set of internal variables αn+1
at time step n + 1. In addition, the macroscopic Kirchhoff stress τ n+1 is computed, once the microstructure
is in equilibrium using (36). The macro Cauchy stress σ n+1 is immediately deduced as,
σ n+1 =

1
τ n+1
Jn+1

(24)

where Jn+1 = det(Fn+1 ). The macro Cauchy stress σ n+1 is returned back to the macroscale and used
as a macrostress at macro Gauss point level corresponding to the microstructure RVE computed. The
procedure differs depending on the boundary constraint applied over the microstructure RVE. Note that the
incremental displacement field, △u = un+1 − un = △y = yn+1 − yn is additively decomposed as,
e n+1
△u = △u∗ + u
6

(25)

where the notation △u∗ is used for
∗
△u∗ = yn+1
− yn = Fn+1 Y − yn .

(26)

The sequence of the solution procedure is,
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1. The initial incremental displacement △u0 ,
en
△u0 = △u∗ + u

(27)

y0n+1 = yn + △u0

(28)

∗
en
y0n+1 = yn+1
+u

(29)

e 0n+1 = u
en
u

int

(30)

2. Computation of the internal forces f . This is computed with the incremental displacement △u and
the set of state variables {Fn+1 , αn+1 } at microscopic Gauss point level.
3. Check convergence
• if krk < εtolerance , the solution is ukn+1 , then iterations end;
• else go to next step
4. Computation of the incremental internal fluctuation,


δe
ur
δe
u=
δe
ud

(31)

The Newton-Raphson iteration is defined by,
Kr δe
ur = −r

→

δe
ur = −K−1
r r

(32)

The updating,
△e
u ← △e
u + δe
u

(33)

△u ← △u + δe
u

(34)

Go to step 2.
Finally, when the microequilibrium is reached, the macro Kirchhoff stress τ n+1 is computed from the
value of the boundary forces. Then, the macro Cauchy stress (24) is used for computing the internal forces
at the macro level.

7

7. General average Kirchhoff stress and overall spatial tangent modulus computation
Assuming no body forces in the expression for the average Kirchhoff stress (8), in the discrete setting,
ext
t dA → f ext
at nodal position yj on the
j , that is the infinitesimal force t dA becomes the finite force f j
boundary ∂V. Therefore (8) degenerates into the discrete sum
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τ =

nb
1 X
sym[f ext
⊗ yj ]
j
|V0 |

(35)

j = 1

where nb is the number of nodes on the boundary ∂V. Using matrix representation this expression
becomes,

τ =

nb
1 X
Dj f ext
j
|V0 |

(36)

j = 1

where Dj is the spatial coordinate matrix evaluated at node j on the boundary of the discretised microstructure RVE

2y
1 1
0
Dj ≡
2
y2


0
2 y2 
y1 j

(37)

The above expression is rearranged in the following global expression
τ =

1
Db f ext
,
b
|V0 |

(38)

where f ext
is the external
nodal force vector
b

 of the boundary nodes, and Db is the boundary coordinate
matrix defined by Db ≡ Db1 Db2 . . . Dbnb
7.1. Overall spatial tangent modulus computation for large strains
In the computational homogenization approach no explicit form of the constitutive behavior on the macrolevel is assumed a priori, the tangent modulus is determined numerically by relations between variations of
the macroscopic stress and variations of the macroscopic strain at such integration macro Gauss point.
This is accomplished by numerical differentiation of the numerical macroscopic stress-strain relation, for
instance, by using forward difference approximations as suggested in [34]. Another approach is to condense
the microstructural stiffness matrix to the macroscopic matrix tangent modulus. This task is achieved by
reducing the total RVE system of equations to the relation between the forces acting on the boundary ∂V
and the displacement on the boundary. We propose a direct condensation to obtain a relation between
the variation of the forces acting on the boundary ∂V and the variational Taylor spatial coordinate on the
boundary nodes array dy∗ which depends linearly of the macroscopic deformation variation dF as described
below. The total microstructural system of equations that gives the relation between the iterative nodal
displacement du and iterative nodal external force vectors is,
K du = df ext .
8

(39)

Due to dy = du and the spatial coordinate partition (17) we have the following differential relation,
du = dy∗ + de
u

(40)

K du = df ext ⇒ K (dy∗ + de
u) = df ext ⇒

(41)

K dy∗ + K de
u = df ext

(42)
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The system (39) is rearranged as follows

The boundary constraints are then applied to this system in the following sections to condense the system.
This procedure gives the expression that relates the variation of boundary external forces dfbext against the
τF

variation of the Taylor spatial coordinate dy∗ . The overall modulus D defined in (9)is computed in its
discretised F.E. matrix form, using averaged Kirchhoff stress expression (38), as follows

D

τF

dτ
df ext
1
Db b
=
|V0 |
dF
dF

=

(43)

The overall spatial tangent modulus (10) is computed in its matrix form for heterogeneous material with
different microstructures as,
A=

1 τF
D ⋄ F − σ ⋆ I.
J

(44)

This matrix form is obtained by converting the continuous form (11) to the matrix form used in the
discrete formulation. Particularisations of the computation average Kirchhoff macrostress and overall spatial
tangent modulus are given in the following subsections of this section, for Taylor assumption, linear b.c. and
periodic b.c.

8. Periodic displacements and antiperiodic traction on the boundary of RVE discrete in large
strain
In order to discretise the continuum model of the periodic boundary conditions described in Section 4.1,
the nodes of the mesh are partitioned in four groups as follows,
1. ni interior nodes are distinguished.
2. np positive boundary nodes which are located at the top and right side of the microstructure surface
∂V of RVE.
3. np negative boundary nodes which are located at the bottom and left side of the microstructure surface
∂V of RVE.
4. nc node at the corners.
The number of node pairs (positive and corresponding negative nodes) on the boundary ∂V of RVE are:
np =

nb
− 2
2
9

(45)

where nb is the total number of nodes on the boundary of RVE. Also the number of corner nodes in a
2D rectangular microstructure is four, nc = 4
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9. Periodic displacements and antiperiodic traction discrete b.c.
At each node pair j on the boundary ∂V+ ∪ ∂V− , the continuum condition (16) induces the discrete
e+
e−
constraint u
= u
j = 1 · · · np . The link between constraints for each pair of nodes is compactly
j
j ,
ep = u
e n . The displacement fluctuation at the corners is prescribed to zero
represented in a global form as u
to avoid the rigid body motion, i.e.
e ci = 0 ,
u

i = 1 · · · nc

(46)

Note that (46) agrees with the periodic continuum condition (16). The relation (46) is represented in a
e c = 0. At each node pair j on the boundary ∂V+ ∪ ∂V− , the continuum antiperiodic traction
global form u
condition (15) is discretised as
−
+
−
f (y+
j ) = −f (yj ) or fj = −fj ,

j = 1 · · · np

(47)

Again these constraints, are represented in compressed form as fpext = −fnext . An important additional
equation to take into consideration is equilibrium condition given by
4
X

fciext = 0

(48)

i=1

Note that this equation agrees with the continuum antiperiodic traction condition (15). The underlying
idea relies on the antiperiodicity of force in the corners that come from the different continuum distributions.
notation, we redefine the global material coordinate matrix for periodic b.c. as D0global,p ≡

Using the matrix
D0i D0b,p where D0i is the interior material coordinate matrix and the D0b,p and is the boundary material


coordinate matrix for Periodic b.c. defined as D0b,p = D0p D0n D0c where D0p , D0n and D0c are
the positive boundary material coordinate matrix, negative boundary material coordinate matrix and corner
material coordinate matrix, respectively.
The Taylor spatial coordinate y∗ defined as a constant for each node in (20), is given in a compact form
as y∗ = DT
0global,p F where D0global,p is the global material coordinate matrix for Periodic b.c. and F is the
matrix representation of the prescribed macroscopic deformation gradient tensor. In this model the variation
of the Taylor spatial coordinate vector dy∗ is considered as follows
dy∗ = DT
0global,p dF ,

(49)

Note that the variation of the coordinate dy∗ is a function of the variation of the macroscopic average
deformation gradient vector dF.
9.1. Average Kirchhoff macro-stress for the anti–periodic b.c.
Following the procedure to compute average stress given in Section (7), the average Kirchhoff stress is
computed based on (36) as follows,
10

τ =

np
4
X
X
1
−
+ext
Dci fciext ]
(D+
−
D
)
f
+
[
j
j
|V0 | j = 1 j
i = 1

(50)

We define the boundary spatial coordinate matrix Db,p as
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Db,p =



Dp

Dn

Dc



(51)

where Dp , Dn and Dc are the positive boundary spatial coordinate matrix, negative boundary spatial
coordinate matrix and corner spatial coordinate matrix
Then, the expression for the averaged Kirchhoff stress (50) in a global form is given by
τ =

1
Db,p fbext
|V0 |

(52)

where global matrix notation is used. Note that fbext is the external boundary force vector which is
obtained by gathering operation of the external force vector to extract the positive fpext , negative fnext and
corner fcext counterpart in the expression

fbext

 ext 
 fp 
=
f ext
 next 
fc

9.2. Overall spatial tangent modulus for the anti–periodic b.c.
After gathering and rearranging the displacement nodal vector u, the external nodal force vector f ext and
finally the stiffness matrix K, the general system (39) that relates the variations du and df ext is rearranged
as follows


kii
kpi

kni
kci

kip
kpp
knp
kcp

kin
kpn
knn
kcn

  ext 

kic 
dui 
dfi 



 
 ext 

dfp
kpc 
du
p

=
ext
knc  
dun 
 
dfnext 





kcc
duc
dfc

≡

K du = df ext

(53)

where dfiext = 0 in equilibrium. Splitting the spatial coordinate vector (17) and rearranging the system
(53), leads to
K de
u = df ext − K dy∗

(54)

where the variation of Taylor coordinate dy∗ is given by (49). Then, the following expression is obtained,

dfbext

This gives the expression


 

KP
 dfpext 
∗
≡
=  −KP  dy∗ = KB
df ext
per dy
 next 
C
dfc
K̂

11

(55)

T
dfbext = KB
per D0global,p dF

(56)

where the Taylor coordinate variation (49) was inserted into the equation (55). Therefore, the desired
expression is obtained as
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dfbext
T
= KB
per D0global,p
dF

(57)

which expresses the variation of the external boundary force vector dfbext with respect to the variation of
macroscopic average deformation gradient matrix dF.
The overall modulus defined in (9)is computed in its discretised F.E. matrix form, using previous averaged
stress expression (52), in the following way
τF

Dp

=

dτ
1
df ext
=
Db,p b
|V0 |
dF
dF

(58)

where Db,p was defined in (51).
τF

Inserting (57) into (58), the matrix representation of Dp
τF

Dp

=

modulus is obtained as

1
T
Db,p KB
per D0global,p
|V0 |

(59)

τF

Clearly, the modulus Dp is a function of the boundary spatial coordinate matrix Db,p defined in (51),
T
the condensed periodic stiffness matrix KB
per and the global material coordinate matrix D0global,p . The final
step consists in inserting (59) into (44) to obtain
Ap =

1 τF
D ⋄F−σ⋆I
J p

(60)

which represents the overall spatial tangent modulus for anti–periodic b.c. in the matrix form. Finally,
we remark that with the above expression (60), the tangent modulus is computed for heterogeneous material
with different microstructures RVE gaining the desired quadratic rate of convergence for the Newton-Raphson
solution procedure applied to solve the homogenized nonlinear macrostructure, under periodic deformation
and antiperiodic traction on the boundary of RVE model.

10. Internally pressurised hyperelastic cylinder subjected to large strains
This section describes the simulation of an internally pressurised cylinder (internal radius a = 0.1 m
and external radius 0.2 m) made of nonlinear material with microvoids of different shapes subjected to large
strains. The analysis is carried out assuming plane strain conditions and a Neo-Hookean material model. Due
to symmetry, only a quarter of the cylinder is considered, and discretized by 20 standard 8-nodes quadrilateral
elements. The pressure, P , is prescribed on the inner surface, and it is increased gradually. The properties
of the material are: logarithmic bulk modulus K = 2.667 GPa and shear modulus G = 0.889 GPa.

12

10.1. Internal pressure vs outer surface displacement diagrams
In the following figures, diagrams showing the applied pressure P versus radial displacement at the outer
face of the plate are plotted as described earlier. The following diagrams are displayed:
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• Single scale FEM analysis, i.e. referring to the simulation considering no distinct scales with
an elastic-plastic material model .
• Two scale analysis. RVE: Square microstructure discretised by 8-noded quadrilateral elements with
reduced integration. Every cell has a void in the middle with variable shape and volume fraction:
– Microstructure 1: Circular void in the middle of RVE with 5 % volume fraction.
nelements = 126 , nnodes = 438.
– Microstructure 2: Square void in the middle of RVE with 5 % volume fraction.
nelements = 128 , nnodes = 448.
– Microstructure 3: Circular void in the middle of RVE with 15 % volume fraction.
nelements = 128 , nnodes = 448.
– Microstructure 4: Square void in the middle of RVE with 15 % volume fraction.
nelements = 160 , nnodes = 560.
These Microstructures are depicted in Figure 3.

Figure 3: Microstructures for analysis of internally pressurised hyperelastic cylinder

In Figures 4 and 5 results are shown for different constraints on the microcell and 5 and 15% void fraction,
respectively. A full curve shows finite element (FE) single scale analysis. Two scales results are depicted for
Taylor assumption, linear b.c and periodic b.c. The results are as follows:
• Taylor assumption gives the stiffest response.
• For each microstructure linear b.c. shows a slightly stiffer response than periodic.
• There are no significant differences associated to these distinct boundary conditions.
The following diagrams 6, 7 and 8 show respectively how the result vary for each constraint, Taylor
assumption, linear b.c. an periodic b.c., with the void volume fraction. It is observed clearly that the material
response softens when the void volume fraction increases. The Taylor assumption shows less sensitive results
than linear b.c. and periodic b.c.
13
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Figure 4: Internally pressurised hyperelastic cylinder. Pressure vs displacement diagram for full material and void at 5% volume
fraction.
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Figure 5: Internally pressurised hyperelastic cylinder. Pressure vs displacement diagram for full material and void at 15%
volume fraction.

10.2. Mesh Evolution
In this section a mesh evolution is depicted to show how the different conditions affect the distortion
during the micro-macro analysis. Macro- and micro-meshes are presented in its undeformed and deformed
configurations, respectively. At every figure the deformed macro-mesh is translated radially and the deformed
micro-mesh is translated in order to make the figures more transparent. In this way the strain experienced
by both meshes can be observed clearly.
The meshes depicted in the deformed configurations all correspond to a similar outer radial displacement
close to 3.5mm. For examples of 5% and 15% void fraction this deformation corresponds to an internal
pressure P = 450MPa and P = 350MPa, respectively.
Figure 9(a) and 9(b) correspond to a Microstructure 1 (Circular void in the middle of the RVE with
5% volume fraction) for linear b.c. and periodic b.c., respectively. Figure 10(a) and 10(b) correspond to a
14
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Figure 6: Internally pressurised hyperelastic cylinder. Pressure vs displacement diagram for the Taylor assumption
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Figure 7: Internally pressurised hyperelastic cylinder. Pressure vs displacement diagram for the linear b.c.

Microstructure 2 (Square void in the middle of the RVE with 5% volume fraction) for linear and periodic
b.c., respectively. We can observe that due to the small void there is only a small difference between Linear
and Periodic b.c.
Figure 11(a) and 11(b) corresponds to a Microstructure 3 (Circular void in the middle of the RVE with
15% volume fraction) for Linear and Periodic b.c., respectively. Figure 12 correspond to a Microstructure
4 (Square void in the middle of the RVE with 15% volume fraction) for linear b.c. and periodic b.c.,
respectively. We can observe that due to a bigger void there is more difference between linear b.c. and
periodic b.c. Moreover, the periodicity at periodic b.c. is observed easily.
10.3. Strain energy distribution
In this section several figures representing strain energy distributions (in KJ/mm2 ) are depicted for
a quarter of the cylinder with some representative microstructures. The distributions are depicted in the
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Figure 8: Internally pressurised hyperelastic cylinder. Pressure vs displacement diagram for the periodic b.c.

(a) Linear b.c.

(b) Periodic b.c.

Figure 9: Mesh evolution for P=0-450MPa. Microstructure 1: circular void at 5% volume fraction

deformed configuration. The undeformed mesh is also depicted to illustrate more clearly deformation of the
solid.
In Figure 13(a) and 13(b) the results for linear b.c. and periodic b.c. are represented for Microstructure
1, respectively, for internal pressure P = 450MPa. In Figure 14(a) and 14(b) the results for linear b.c.
and periodic b.c. are represented for Microstructure 2, respectively, for internal pressure P = 450MPa.
In Figure 15(a) and 15(b) the effect of linear b.c. and periodic b.c. is represented for Microstructure 3,
respectively, for internal pressure P = 350MPa.
10.4. Residuals evolution per iteration in macro and micro levels
In this section tables with the Euclidean norm RM of the residual are reported associated with the Newton
iterations of the macro- and micro-equilibrium. The residual norm evolution is shown for the microstructure
that corresponds to the macro Gauss point in the bottom right corner. In the following tables the Euclidean
norm RM of the residual are reported associated with the Newton iterations of the macro-equilibrium. The
macro-residual is normalised and calculated as RM = 100 × kFint − Fext k/kFext k. The micro residual
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(a) Linear b.c.

(b) Periodic b.c.

Figure 10: Mesh evolution for P=0-450MPa. Microstructure 2: square void at 5% volume fraction

(a) Linear b.c.

(b) Periodic b.c.

Figure 11: Mesh evolution for P=0-350MPa. Microstructure 3: circular void at 15% volume fraction

is computed in different ways depending on the constraint. The residual for linear b.c. is evaluated as
Rµ = 100 × krk/kf int k. The residual for periodic b.c. is evaluated as Rµ = 100 × krk/kf int k. Clearly, the
quadratic rate of asymptotic convergence is observed in the macro- and micro-scales for both Linear and
Periodic b.c.’s in all the tables.

17

Downloaded by [Royal Hallamshire Hospital], [Dr J. L. Curiel-sosa] at 00:56 08 February 2016

(a) Linear b.c.

(b) Periodic b.c.

Figure 12: Mesh evolution for P=0-350MPa. Microstructure 4: square void at 15% volume fraction

(a) Linear b.c.

(b) Periodic b.c.

Figure 13: Strain energy for internal pressure P = 450 MPa. Microstructure 1: circular void at 5% volume fraction

(a) Linear b.c.

(b) Periodic b.c.

Figure 14: Strain energy for internal pressure P = 450 MPa. Microstructure 1: square void at 5% volume fraction
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(a) Linear b.c.

(b) Periodic b.c.

Figure 15: Strain energy for internal pressure P = 350 MPa. Microstructure 3: circular void at 15% volume fraction

micro

1
2
3
4
1
2
3
4
1
2
3
4
1
2
3
4

Rµ

Macro

RM

micro

1
2
3
4
1
2
3
4
1
2
3
4
1
2
3
4

3.054337×10

−01

1.018779×10−03
2.642555×10

−06

1.146325×10

−08

1

7.386827×10

−01

2.871463×10

−01

4.395136×10−04
6.061724×10

−07

1.207273×10

−09

2

5.075611×10

−04

2.870407×10

−01

4.393127×10−04
6.059748×10

−07

1.206522×10

−09

3

2.604021×10

−07

2.870407×10

−01

4.393128×10−04
6.059750×10

−07

4
a) Linear b.c.

1.206531×10

−09

1.912772×10

−10

Rµ

Macro

RM

1

7.484814×10−01

2

5.070460×10−04

3

2.450213×10−07

3.020060×10

−01

1.080160×10−03
2.773971×10−06
1.369076×10−08
2.888288×10

−01

4.713476×10−04
6.908600×10−07
1.495429×10−09
2.887258×10

−01

4.711845×10−04
6.907774×10−07
1.495436×10−09
2.887258×10

−01

4.711846×10−04
6.907774×10−07

4
b) Periodic b.c.

1.495265×10−09

1.739404×10−10

Table 1: Evolution of Residual norm at micro (Rµ ) and Macroscale (RM ) for Linear b.c. and Periodic b.c. assuming Microstructure 2 (5% square void). Increment of internal pressure P = 200-201 MPa.
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11. Conclusions
A novel formulation for multiscale finite element analysis of materials with microvoids undergoing large
strains is proposed in this paper. The technique proved effective for the treatment of solids with different
types of microvoids and its application to composite materials is deemed straightforward. The antiperiodic
traction conditions on the RVE within a large strain context provided a condensation technique
which led to a formulation of tangent modulus necessary for embedment within an implicit
numerical strategy. The formulation thus posed led to quadratic rates of convergence under periodic
deformation and antiperiodic traction on the boundary of RVE model. Numerical tests demonstrated the
robustness and efficiency of the technique. Taylor boundary condition (b.c) scheme is clearly showing
some discrepancy respect the most accurate results obtained with linear and periodic. The
results showed that there are no significant differences between linear and periodic bcs in
terms of accurateness and in terms of convergence.
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